Abstract. Let Ks be a (−2, 3, 2s+1)-type Pretzel knot (s ≧ 3) and E Ks (p/q) be a closed manifold obtained by Dehn surgery along Ks with a slope p/q. We prove that if q > 0, p/q ≧ 4s + 7 and p is odd, then E Ks (p/q) cannot contain an R-covered foliation. This result is an extended theorem of the part of works of Jinha Jun for (−2, 3, 7)-Pretzel knot.
Introduction
In this paper, we will discuss non-existence of R-covered foliations on a closed 3-manifold obtained by Dehn surgery along some class of a Pretzel knot.
A codimension one, transversely oriented foliation F on a closed 3-manifold M is called a Reebless foliation if F does not contain a Reeb component. By the theorems of Novikov, Rosenberg, and Palmeira, if M is not homeomorphic to S 2 × S 1 and contains a Reebless foliation, then M has properties that the fundamental group of M is infinite, the universal cover M is homeomorphic to R 3 and all leaves of its lifted foliation F on M are homeomorphic to a plane. In this case we can consider a quotient space T = M / F , and T is called a leaf space of F . The leaf space T becomes a simply connected 1-manifold, but it might be a non-Hausdorff space. If the leaf space is homeomorphic to R, F is called an R-covered foliation. The fundamental group π 1 (M ) of M acts on the universal cover M as a deck transformation. Since this action maps a leaf of F to a leaf, it induces an action of π 1 (M ) on the leaf space T . In fact, it is known that the action has no global fixed point and it acts on T as a homeomorphism (for basic definitions and properties of a foliation, see [2] , and for properties of a Reebless foliation and its leaf space, see [3 
, Chapter 9 and Appendix D]).
A closed manifold with a finite fundamental group can not contain a Reebless foliation by the above property, but many people conjectured that all closed hyperbolic 3-manifolds could contain Reebless foliations. In [13] , Roberts, Shareshian and Stein negatively answered this conjecture as follows: There is an analogous concept of a Reebless foliation, an essential lamination [7] . If a closed 3-manifold contains an essential lamination, it has topological properties which are similar to its of a Reebless foliation. In [6] , Fenley showed that there exists infinitely many closed hyperbolic 3-manifolds which do not admit essential laminations.
In [10] , Jun applied the methods used in the proof of Theorem 1.1 to prove the following theorem: In this paper, we shall prove a theorem which is an extension of Theorem 1.3 to the case of (−2, 3, 2s + 1)-type Pretzel knot (s ≧ 3) as follows. These theorems are proved by a similar strategy as follows. Let M be a closed 3-manifold and F be a Reebless foliation in M . Then, as we stated before, the fundamental group π 1 (M ) acts on the leaf space T of F as an orientation preserving homeomorphism which has no global fixed point. By the theorem of Palmeira, for two Reebless foliations F and F ′ there is a diffeomorphism f : M → M which maps F to F if and only if there is a diffeomorphismf : T → T ′ , where T and T ′ are the leaf spaces of F and F ′ respectively. Therefore, for any simply connected 1-manifold T , if there exists a point of T which fixed by any action of π 1 (M ) then M can not contain a Reebless foliation.
In order to use above method to prove our main theorem, we will need an explicit presentation of the fundamental group. Moreover, it is better for proving our theorem that its presentation has simpler form because our investigation of existence of a global fixed point become easy if its presentation has fewer generators. This paper is constructed as follows. In Section 2, we shall present a method of an explicit calculation of the fundamental group of the exterior of the knot K s and the elements which represent a meridian and a longitude. Its presentation has two generators and one relator, and this property comes from the fact that the knot K s is a tunnel number one knot. In Section 3, by using the good presentation obtained in Section 2 we shall prove the main theorem by comparing to procedures of the proof of Theorem 1.3 and Theorem 1.1. In Section 4, we will discuss topics and problems related to our theorem, especially a left-orderable group and its properties.
an explicit presentation of the fundamental group
As mentioned in Section 1, we need a good presentation of a fundamental group and a meridian-longitude pair in order to make a proof of our theorem easier. In the proof of [10] , Jun uses the presentation of a knot group of (−2, 3, 7)-pretzel knot which obtained by the computer program, SnapPea [15] . Let K s be a (−2, 3, 2s+1)-type Pretzel knot in S 3 . In order to obtain a good presentation of the knot group of K s and its meridian-longitude pair, we take the following procedure.
We first notice that K s is a tunnel number one knot for all s ≧ 3 by the theorem of Morimoto, Sakuma and Yokota [12] . A knot K is called a tunnel number one knot if there is an arc τ in S 3 which intersects K only on its endpoints and the closure of S 3 \ (K ∪ τ ) is homeomorphic to a genus two handlebody. Therefore the knot group of K s can have a presentation which has two generators and one relator.
It is well known that two groups G and G ′ are isomorphic if there is a sequence of Tietze transformations such that a presentation of G is transformed into its of G ′ along this sequence. Although it is generally difficult to find such a sequence, we can find the required sequence by applying the procedure which appeared in the paper of Hilden, Tejada and Toro [8] as follows. At the first step, we obtain the Wirtinger presentation G 1 of the knot K. Then we collapse one crossing of the knot diagram and get a graph Γ which is thought as a resulting object K ∪ τ because the exteriors of Γ and K ∪ τ in S 3 are homeomorphic. We modify Γ with local moves in sequence forward to the shape S 1 ∨ S 1 , and in the same time we modify the presentations by a Tietze transformation which corresponds to each local move. In the sequel we finally obtain the graph which homeomorphic to S 1 ∨ S 1 and the corresponding presentation which has two generators and one relator.
In order to apply this procedure to the case of K s , we add some new local moves which are not treated in [8] , and we refer the sequence of modifications which appeared in the paper of Kobayashi [11] to obtain our sequence of modifications.
In the next subsection, we will enumerate the local moves and the correspondence between Tietze transformations and these local moves.
2.1. The list of local moves and corresponding Tietze transformations. Before we mention how to make the sequence of modifications of K s , we make a list of the following modifications and corresponding Tietze transformations which will be used in our sequence. In this list, the corkscrew move and the open and collapsing move is originally in [8] , and the others are new moves which are used in our calculation. In the descriptions below, a formula which looks like " r 1 : ab = cd " is a relator modified by a Tietze transformation corresponds to a local move indicated in these figures. These moves correspond to Tietze transformations which increase or decrease a number of generators, but we do not indicate which generator is added or eliminated in this figures. r 1 : da = ae r 2 : ce = ea 2.2. The calculation of the presentation of the fundamental group. In order to simplify the explanation of how to construct the sequence of modifications of K s and corresponding presentations, we divide these sequences into the several steps. STEP 1 We fix an orientation of K s as in Figure 1 . Then we take a Wirtinger presentation G 1 of π 1 (S 3 \ K s ) as follows. In the presentation, each generator corresponds to the label of each arc and each relator r i to its of each crossing respectively. STEP 2 Next we collapse the crossing labeled 6 and obtain the graph as Figure 2 (a). In the viewpoint of a complement, S 3 \ Γ is homeomorphic to S 3 \ (K s ∪ τ ) where τ is the tunnel attached at the crossing labeled as 6. Taking this modification of K s into Γ, we take the following presentation G 2 which corresponds to the result of the Tietze transformation that we add the generator f 0 and the relator f 0ā (we denote a −1 =ā, and we label it by r ∞ ), and we also modify two relators r 6 and r 7 which contain the generator a. Because of the addition of the relator f 0ā , we can erase the new generator f 0 by using this relator. Therefore G 2 is isomorphic to G 1 .
. . . r 2s+4 : f 2s−1 f 2s−2 = f 2s−2 f 2s−3 r 2s+5 : gf 2s−1 = f 2s−1 f 2s−2 r 2s+6 : bg = gf 2s−1 r ∞ : f 0ā STEP 3 We make a corkscrew move to the pair of crossings 6 and 7, and iterate this operation to successive crossings. Then we obtain Figure 2 (b) and the corresponding presentation G 3,2s as follows:
: ca = ad r 2 : ac = cb r 3 : df = f e r 4 : f e = ec r 5 : ec = cg r 6 : bg = af r ∞ : (ḡb) s g(bg) We will explain these operations precisely as follows. As we mentioned above, we first make a corkscrew move to the pair 6 and 7. This operation causes that every generator f 0 which appeared in the relators is replaced byf 1 f 2 f 1 obtained from the relator r 7 : f 2 f 1 = f 1 f 0 . Then f 0 is erased in the generators and all relators. The resultant presentation is denoted by G 3,1 and the relator r ∞ by R 1 :f 1 f 2 f 1ā temporarily in this step.
Next we make a corkscrew move to the pair 6 and 8 successively, then we get the presentation G 3,2 which loses one generator f 1 by using the relator r 8 :
By repeating this operation, we get the sequence of presentations G 3,3 , G 3,4 , G 3,5 , · · · which have the specific relators
By this observation, we can assume that the specific relator R i in the presentation G 3,i has the following formulae.
When i is odd, let j = 1, 2, 3, · · · , and we set
and in this case if j = 1 we assume that the part
f 2j−1f2j is equal to identity.
When i is even, let j = 1, 2, · · · , and we set
In order to verify this formulae, we take induction as follows. We assume that the formula R i is correct when i = 2k − 1 is odd. Then we see the relator r i+7 :
, and it follows f 2k−1 =f 2k f 2k+1 f 2k . By making a corkscrew move to the pair 6 and 6 + (i + 1), we replace these f 2k−1 andf 2k−1 which appeared in the relations of G 3,i . In particular,
For the case when i is even, we can also verify the formula of R i = R 2k similarly.
Next we have to observe the last three steps G 3,2s−2 , G 3,2s−1 and G 3,2s . By the above formula, G 3,2s−2 has the specific relator
We make a corkscrew move to the pair 6 and 2s+5 using the relator r 2s+5 : gf 2s−1 = f 2s−1 f 2s−2 , which is equivalent to f 2s−2 =f 2s−1 gf 2s−1 andf 2s−2 =f 2s−1ḡ f 2s−1 . Then we obtain the presentation G 3,2s−1 with the specific relator
At last we make a corkscrew move to 6 and 2s + 6 using the relator r 2s+6 : bg = gf 2s−1 which is equivalent to f 2s−1 =ḡbg andf 2s−1 =ḡbg. Then we obtain the presentation G 3,2s with the specific relator R 2s as following:
STEP 4 Before starting the next step, we remark that the graph in Figure 2 (b) is equivalent to Figure 3 .
We make a opening move to the point 6 and obtain the graph in Figure 4 (a). This operation corresponds to Tietze transformations so that one generator h is added to the generators and one new relation h = af is added to the relations. And we replace the element af which appeared in the relator r 6 by h, replaceḡb byh and bg by h in the relator r ∞ . Then we obtain the presentation G 4 as follows. Figure 3 . the graph before step 4 STEP 5 Next we apply an upper sliding move to the triplet 7, 3 and 1, and obtain the graph in Figure 4 (b). In this modification, the element d is replaced byāca obtained from the relation r 1 : ca = ad, and d is eliminated from the generators.
Then we obtain the presentation
We make an under sliding move to the pair 7 and 2 and obtain the graph in Figure 4 (c), then the generator a is eliminated and two generators k and l are added. This operation is divided into the following two steps. In the first step, by using the relator r 7 : h = af ⇔ a = hf , the generator a which appeared in the relations r 2 and r ∞ is replaced by hf . Next we add two generators k and l, and two relations r 8 : f c = ck and r 9 : hc = cl. Then we obtain the presentation
hf c = cb r 3 : ch = he r 4 : f e = ec r 5 : ec = cg r 6 : bg = h r 8 : f c = ck r 9 : hc = cl r ∞ :h s gh s (fh) . By using the relations r 8 : f c = ck ⇔ c =f ck and ck =f c, and r 9 : hc = cl, we rewrite the relation r 2 : hf c = cb as follows:
and we rename the number of this relation by 10. Consequently, we obtain the presentation G 6 = b, c, e, f, g, h, k, l | r 10 : l = bk r 3 : ch = he r 4 : f e = ec r 5 : ec = cg r 6 : bg = h r 8 : f c = ck r 9 : hc = cl r ∞ :h s gh s fh . Figure 4 . the graph of step 4, 5 and 6 STEP 7 We carry out a collapsing move of the arc b and we get the graph in Figure 5 (a). Notice that the two graphs in Figure 5 (a) are equivalent. By this operation, the generator b is eliminated by using the relation r 10 : l = bk. Then we obtain the presentation Figure 5 (b) . This operation is divided into two steps. In the beginning, the generator f is eliminated by using the relation r 4 : f e = ec ⇔ f = ecē, and then we obtain the presentation Figure 5 . the graph of step 7 and 8
STEP 9
We make a corkscrew move to the pair 6 and 11, then we obtain the graph in Figure 6 (a). In this operation the generator k is eliminated by using the relation r 11 : gc = kg, then we obtain G 9 = c, e, g, h, l | r 3 : ch = he r 5 : ec = cg r 6 : hc = lg r 9 : hc = cl r ∞ :h s gh s ecēh . STEP 10 By a corkscrew move of the pair 6 and 5, we obtain the graph in Figure 6 (b), the generator g is eliminated by the relation r 5 : ec = cg, then we obtain G 10 = c, e, h, l | r 3 : ch = he r 6 : hē = lc r 9 : hc = cl r ∞ :h s (cec)h s ecēh . STEP 11 By a corkscrew move to the pair 6 and 3, we obtain the graph in Figure 6 (c), the generator e is eliminated by the relation r 3 : ch = he, then we obtain G 11 = c, h, l | r 6 : hc = cl r 9 : hc = cl r ∞ :h sch chch s−1 chchc . STEP 12 Finally, we make a corkscrew move to the pair 6 and 9, we obtain the last graph in Figure 6 (d) , the generator h is eliminated by the relation r 6 = r 9 . We obtain the following presentation:
In this presentation, we simplify r ∞ by modifying cyclically, then we obtain the following final version of the presentation and it is denoted by G Ks .
. Hilden, Tejada and Toro proved that for a tunnel number one knot K, the fundamental group π 1 (S 3 \ K) has a two generator, one relator presentation in which the relator is a palindrome [8, Theorem 5.3] . A word is called a palindrome if its spelling can be read backwards as same as forwards. We can make sure that the presentation G Ks has two generators and one relator, especially the relator is a palindrome. 
(d) Figure 6 . the graph of step from 9 to 12 2.3. The calculation of the presentation of a meridian-longitude pair. Let E Ks (p/q) be a closed manifold obtained by Dehn surgery along K s with a slope p/q. In order to obtain a presentation of G Ks (p, q) = π 1 (E Ks (p/q)), we have to get a presentation of a meridian-longitude pair. In this subsection we will calculate it which is compatible with the final presentation G Ks obtained in the previous subsection. The way of the calculation is as follows. We first fix a meridian c and get a presentation of a longitude L 1 which are compatible with the first presentation G 1 by using the method which appeared in the book of Burde and Zieschang [1] . Then we continue to modify L i from i = 1 to the last presentation L 12 compatible with G 12 along the steps mentioned in the previous section. So we are going to begin the calculation. We fix the meridian which is presented by the generator c. The initial presentation L 1 of the longitude is obtained by the following procedure. We read the label of arcs starting on the arc c forward to the opposite direction of the orientation of K s . The sign of each label is determined so that when we pass through the arc x k from the bottom, if the orientation of the over arc x k coincides with its of the under arcs when we rotate x k counterclockwise, we assign the positive sign, otherwise we assign the negative sign. When we have just come back to the initial arc c, we add the power of generator c α so that α is inverse of the sum of all signs we have read. Then we obtain
Next we will modify L 1 along the steps of the modification of G i . In the STEP 1, 2 and the first step of STEP 3, the L 1 is not affected and we set L 1 = L 3,1 . In the second step of STEP 3, by using the relation r 8 : f 3 f 2 = f 2 f 1 we eliminate the generator f 1 appeared in L 3,1 and we obtain
By repeating this operation, we obtain the sequence of L 3,i , i = 3, 4, 5, 6, · · · , at each step using the relator r i+6 : f i+1 f i = f i f i−1 , as follows:
In order to simplify the description of L 3,i we take the temporary notation that
2s+6 . By the above observation we can assume that L i and R i have the formulae as follows. We divided the case if i = 2j − 1 is odd or i = 2j is even (j = 1, 2, 3, · · · , s). L i has the following formula
where if j = 1 we assume (f 2j ) j−1 and (f 2j f 2j−1 ) j−1 are equal to identity. R i has the following formula
where if j = 1 we assume (f 2j−1 ) j−1 and (f 2j f 2j−1 ) j−1 are equal to identity, and also (f 2j+1 ) j−1 and (f 2j+1 f 2j ) j−1 are equal to identity. Notice that in these formulae we temporarily use the symbol b n=a x n in the unusual meaning so that the index of x n is decreasing in the product as
We can verify it by induction as follows. The above formulae are correct when (i, j) = (1, 1), (2, 1), (3, 2) and (4, 2). If we assume that the formulae are correct when i = 2k − 1, we obtain
Then by using the relator r i+7 :f i+2 f i+1 = f i+1 f i ⇔ f 2k−1 =f 2k f 2k+1 f 2k in the presentation G 3,i , we replace the generator f i = f 2k−1 which appeared in L i and R i byf 2k f 2k+1 f 2k , and then we obtain ( * ) :
And also if these formulae are correct when i = 2k, we obtain
Then we eliminate the generator f i = f 2k by the relator f 2k+2 f 2k+1 = f 2k+1 f 2k in G 3,i and obtain ( * ) :
Next we observe the last three steps of presentations G 3,2s−2 , G 3,2s−1 and G 3,2s . In the presentation G 3,2s−3 we can see Next we erase the generator f 2s−2 by the relation gf 2s−1 = f 2s−1 f 2s−2 similarly, then
Finally, we erase the f 2s−1 by bg = gf 2s−1 , and we obtain
We will continue to modification. In the STEP 4, we replaceḡb byh and af by h, then we obtain
In the STEP 5, the modification of presentation does not effect
In the STEP 6, we erase the generator a by a = hf , then
In the rest steps, referring the relators which are used to eliminate generators, we obtain the sequence of L i 's as follows:
Although L 12 is the presentation of a longitude in G Ks at which we are aiming, it is complicated to use for our proof of main theorem. By using the relator r ∞ : clclcl scl clcl s−1 in G Ks , we will simplify L 12 as follows. We first rotate the word r ∞ and then obtain clcl scl clcl s−1 cl. It is equivalent tō
and we replace the part of L 12 which equivalent to the left hand side of it by the right hand side. Then we obtain
Next we also obtain clclc =l s−1clc lcl s by rotating the word r ∞ and splitting it. We add the elementl from the left to both side of the formula, thenlclclc =l sclc lcl s . By using it we can obtain l clclc s−1 = l sclc lcl
In summary, we obtain the following Proposition. In fact, we can easily verify that L corresponds to a preferred longitude, which is a preimage of null-homological curve in H 1 (S 3 \ K s ) for the natural map ϕ :
proof of main theorem
Now we are ready to prove Theorem 1.4. We shall prove main theorem as an analogy of the proof of Jun [10] and Roberts, Shareshian, Stein [13] . In this section G Ks (p, q) denotes the fundamental group π 1 (E Ks (p/q)) of the closed manifold E Ks (p/q) obtained by Dehn surgery along K s with a slope p/q. By Proposition 2.1, we obtain a presentation of G Ks (p, q) as follows:
Proof. By the property of a meridian and a longitude on a torus, the pair M and L satisfies M L = LM . Since p and q are relatively prime, there is a pair of integers r and s such that rp + sq = 1. Then k = M s L −r satisfies the required condition.
By Lemma 3.1, we obtain the following fact:
The element k which appeared in Lemma 3.1 satisfies
Proof. By Lemma 3.1 and Proposition 2.1,
We will consider actions of G Ks (p, q) on a leaf space T . It is regarded as a homomorphism Φ : G Ks (p, q) → Homeo(T ). If there is no ambiguity, we write its image Φ(g) of an element g ∈ G Ks (p, q) by the same symbol g, that is, for a point x ∈ T , we write Φ(g)(x) = xg. Moreover, for any two elements g 1 and g 2 , we write Φ(g 2 )(Φ(g 1 )(x)) = xg 1 g 2 . [13, Lemma 3.5] ) Let P be a partially ordered set. We assume that p − (4s + 7)q ≧ 0, q > 0 and G Ks (p, q) acts on P preserving its order. If there is an element x of P which satisfies one of the following conditions:
(1) xk = x and x, xl are related in P , or (2) xl = x and x, xk are related in P , then x is fixed by any element of G Ks (p, q).
Notice that two elements x and y in P are related for the order < on P if they satisfy the one of properties x < y, x > y or x = y.
Proof. We first assume the condition (1) . Since x = xk = xk q = xM = xc by Lemma 3.1 we obtain xc = x, that is, c fixes the element x. Under the assumption that x and xl are related, if we assume xl = x then x is fixed by any element g of G Ks (p, q) since G Ks (p, q) is generated by the two elements c and l. Therefore, we assume x < xl by choosing an order on P . It is equivalent to xl < x because all actions of G Ks (p, q) preserve an orientation of P . Then we obtain xl 2 < x by xl 2 < xl < x. Repeating this consideration, we obtain xl s < x for s > 0. Since xc = x, it is equivalent to xc = x. Because of the condition xl < x we obtain xlc < x by xlc < xc = x. Similarly we obtain xlcl sclsc < x. By Fact 3.2, we obtain k p−(4s+7)q l =lcl sclsc . Using this, we obtain
It is contradict to xl > x, then x = xl and therefore x is fixed by any element of G Ks (p, q).
Next we assume the condition (2) . If xk = x, we obtain x = xk = xk q = xM = xc and then x is fixed by any element of G Ks (p, q) similarly. Then we assume x < xk by choosing an order on P . Since q > 0 we obtain xc > x by x < xk < xk q = xM = xc. The formula of Fact 3.2 is equivalent tok p−(4s+7)q = lcl s cl s cl. If p − (4s + 7)q > 0, we obtain x > xk > · · · > xk p−(4s+7)q by the assumption x < xk. By these formulae, we obtain because if we take x ′ = xclcl s cl ∈ R then we obtain xclcl s clc = x ′ c > x ′ = xclcl s cl. Since any element of G Ks (p, q) preserves an orientation of R we obtain
for any x ∈ R.
Since the element clc ∈ G Ks (p, q) is thought as a homeomorphism of R there is a point x ∈ R which satisfies x ′ = xclc for any point x ′ ∈ R. Therefore, for any point x ′ ∈ R we obtain
Then it follows that xl > x for any x ∈ R. Proof. We assume that there is no point x ∈ R which is fixed by any element of Φ(G Ks (p, q)), and we shall see a contradiction.
By the above assumption, there is no point which satisfies the conclusion of Lemma 3.3. Then there is no point x ∈ R which satisfies the assumptions of Lemma 3.3. Now we think P = R in Lemma 3.3 and R has an ordinary order, then any two points in R are related. Therefore we can assume that xk > x for any x ∈ R by determining an orientation on R because the element k is thought as an orientation-preserving homeomorphism of R.
By Lemma 3.4 under this assumption, xl > x for any x ∈ R. By Fact 3.2,
Claim 1. xlcl s cl s cl > xc 3 for any x ∈ R. Proof of Claim 1. Since xl > x for any x ∈ R, we have that xlc > xc and xl s > x for any x ∈ R. If x ′ = xlc, then xlcl s = x ′ l s > x ′ = xlc > xc, and then we obtain xlcl s c > xc 2 for any x ∈ R. Similarly, by xlcl
Therefore we obtain
Claim 2. xc 3 > x for any x ∈ R. Proof of Claim 2. By the assumption xk > x and q > 0, we have
Then we have xc > x and xc 3 > x. By using the formula ( * ) and Claim 1 and 2, we obtain
Under the assumption xk > x, we have (4s + 7)q − p > 0 by above formula. This is equivalent to p/q < 4s + 7. Then it contradicts the assumption p/q ≧ 4s + 7.
Proof of Theorem 1. 4 . If E Ks (p/q) contains an R-covered foliation, all actions of G Ks (p, q) to R have no global fixed point. By [10, Corollary 7] , if q is odd, we can assume all actions of G Ks (p, q) correspond to orientation-preserving homeomorphisms. Then by Proposition 3.5 we conclude that if q > 0, q is odd and p/q ≧ 4s + 7, there is a point of R which fixed by any element of G Ks (p, q). Therefore, E Ks (p/q) does not contain an R-covered foliation.
some related topics and problems
We will discuss some related topics and problems in this section.
We first mention about future problems. In Theorem 1.4 we explore the case when the leaf space T is homeomorphic to R. It is the first problem that we extend Theorem 1.4 to the general case that a leaf space T is homeomorphic to a simply connected 1-manifold which might not be a Hausdorff space similar to Theorem 1.2. In this case, the situation of a leaf space T is very complicated. But we already obtained the explicit presentation of the fundamental group of E Ks (p/q), we are going to investigate the action of the fundamental group to a leaf space referring the discussions used in [13] and [10] . One of other directions of investigations is that we extend Theorem 1.4 to the case for (−2, 2r + 1, 2s + 1)-type Pretzel knot K r,s (r ≧ 1, s ≧ 3). In order to calculate the fundamental group π 1 (S 3 \ K r,s ), we have to extend our method mentioned in Section 2. In Section 2.2, the difference between the calculation for K s and K r,s exists from step 4 to step 9. In these steps, we decrease a number of crossings which corresponds to the integer 2r + 1. Then by iterating these operation we will finally get the figure in Figure 6 (a). We are going to formulate these operations and corresponding Tietze transformations, and intend to prove the case when K r,s which is expected for the similar proof in Section 3.
Next we discuss about some related topics. We first discuss our result in the viewpoint of Dehn surgery on knots. A knot K in S 3 has a finite or cyclic surgery if the resultant manifold E K (p/q) obtained by a non-trivial Dehn surgery along K with a slope p/q has a property that its fundamental group is finite or cyclic respectively. Determining and classifying which knots and slopes have a finite or cyclic surgery are an interesting problem. If E K (p/q) contains a Reebless foliation, we can conclude that E K (p/q) does not have a finite and cyclic surgery by properties we mentioned in Section 1. For example, Delman and Roberts showed that no alternating hyperbolic knot admits non-trivial finite and cyclic surgery by proving the existence of essential laminations [5] . Our Pretzel knots K s are in the class of a Montesinos knot. In [9] , Ichihara and Jong showed that for hyperbolic Montesinos knot K if K admits a non-trivial cyclic surgery it must be (−2, 3, 7)-pretzel knot and the surgery slope is 18 or 19, and if K admits a non-trivial acyclic finite surgery it must be (−2, 3, 7)-pretzel knot and slope is 17, or (−2, 3, 9)-pretzel knot and slope is 22 or 23. In contrast, by this theorem, infinitely many knots in the family of pretzel knot {K s } which appeared in Theorem 1.4 do not admit cyclic or finite surgery. Then we have following corollary directly.
Corollary 4.1. There are infinitely many pretzel knots which does not admit finite or cyclic surgery, but they admit Dehn surgery which produces a closed manifold which can not contain an R-covered foliation.
We had expected that proving the existence of Reebless foliations, especially Rcovered foliations, or essential laminations is of use for determining and classifying a non-trivial finite or cyclic surgery on other hyperbolic knots in the same way as [5] , but Corollary 4.1 means that in the case of pretzel knots, R-covered foliation is not of use for it.
Next we discuss our result in the viewpoint of a left-orderable group. A group G is left-orderable if there exists a total ordering < of the elements of G which is left invariant, meaning that for any elements f , g, h of G, if f < g then hf < hg. It is known that a countable group G is left-orderable if and only if there exists a faithful action of G on R, that is, there is no point of R which fixed by any element of G. By this fact, if a closed 3-manifold M contains an R-covered foliation, the fundamental group of M is left-orderable. The fundamental groups G Ks (p, q) which satisfy the assumptions of Theorem 1.4 do not have a faithful action on R by Proposition 3.5. Therefore we conclude the following corollary. Roberts and Shareshian generalize the properties of the fundamental groups treated in [13] . They present conditions when the fundamental groups of a closed manifold obtained by Dehn filling of a once punctured torus bundle is not rightorderable [14, Corollary 1.5]. These are examples of hyperbolic 3-manifolds which has non right-orderable fundamental groups.
Clay and Watson showed the following theorem in their preprint. By the fact mentioned above, these fundamental groups do not have a faithful action on R, then these E Km (p/q) do not admit an R-covered foliation. Although the method of the proof of Theorem 4.3 is different from our strategy, it concludes a stronger result than ours in the sense of an estimation of surgery slopes. By the aspects getting from these results, there are many interaction between a study of R-covered foliations and a study of left-orderability of the fundamental group of a closed 3-manifold, so we think that these objects will be more interesting.
